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Abstract
From the viewpoint of numerical stability, Euclidean algorithm has still a prob-
lem even when we generate the univariate polynomial remainder sequences. As
we have to determine whether the remainder polynomial is zero or not to get the
GCD (greatest common divisor) of two polynomials $f(z)$ and $g(z)$ , it is difficult to
distinguish the zero under the floating point arithmetic. In order to overcome this
difficulty, we propose a stable algorithm to evaluate the subresultant by introduc-
ing pivoting in the process of elimination of leading coefficients of the polynomials.
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$1\mathrm{c}(F(z))$ $z$ $F(z)$ (leading coefficient) $1\mathrm{c}(F(z))$
.
$||F(Z)||$ $F(z)$ . $F(z)$ .
$\deg(F(z))$ $1\mathrm{c}(F(z))\neq 0$ $F(z)$ $m$ . $m$ $F(z)$ (de-
gree) $\deg(F(z))$ . $1\mathrm{c}(F(z))\neq 0$
$F(z)$ $m$ . $F(z)$ ,
$F(z)\equiv 0$ , $\deg(F(z))=-\infty$ .
mod 2 $F(z),$ $G(z)$ , $F(z)$ $G(z)$
$F(z)\mathrm{m}\mathrm{o}\mathrm{d} c(Z)$ .
2 $F(z),$ $G(z)$ , $F(z)$ $G(z)$
$F(z)\sim G(z)$ .
(pivot) , – (pivot)
. (pivoting) .
Elim$(G_{0}, G_{1})$ 2 $G_{0}$ , $G_{1}$
.
$\mathrm{P}\mathrm{i}\mathrm{v}\{ci\}_{i=}^{k}0$ { $\mathrm{G}\mathrm{i}\mathrm{i}_{-}$- $G\mathit{0}$
.
Ll ( ) Po, $P_{1},$ $\ldots$ ,
$P_{k}(\neq 0)$ [9]. .
. .
. $\cdot$. $.r$ $=$ .. .:. $:-\cdot$ . $,\mathrm{e}$.
[ ] 2 $F(z),$ $G(z),$ $\deg(F(z))\geq\deg(G(z))$ . . . ’.. $:\cdot\cdot$ .
[ ] , $F(z)$ $G(z)$ .
[ ] $P0arrow F(z),$ $P_{1}arrow G(z),$ $iarrow \mathrm{O}$ .
[ ] [1] $iarrow i+1$ ,
$P_{i+1}arrow P_{i-1}\mathrm{m}\mathrm{o}\mathrm{d} Pi$ .
[2] $\deg(P_{i+1})>0$ [1] . .
$\deg(P_{i+1})\leq 0$ $karrow i+1$ . ..
$\ovalbox{\tt\small REJECT}\equiv 0$










, $m\geq n$ .
2
$F$ $G$ $S_{j}(F, G)$ $[2, 3]$ .
$S_{j}(F, G)$ $:=$
$f_{m}f_{m-1}$ $f_{2j+2-}n$ $Fz^{n-j}-1$











’ $0\leq j\leq n-1$ .
, $i<0$ $f_{i}=g_{i}=0$ .




2 1 1 .
12 2 $F,$ $G$ $n=m-1$ , $G$ ; 1
. $G$ 1 .
$F$ $zG$ . $G$







$G$ $=g_{m-1^{Z+}}m-1\{g_{m}-2^{Z^{m-}+}2 ...+g_{0}\}$ .
.
1 $\cross z^{m},$ $2$ $\mathrm{x}z^{m-1}$ 3
. $S_{m-2}(F, G)$ .
$S_{j}(F, G)$ , $F$ $G$ $G$ $n-j$
$Fz^{n-j}-1,$ $Fz^{n-}j-2,$
$\ldots,$
$Fz,$ $F,$ $Gz^{m-j_{-}1},$ $Gz^{m-j}-2,$ $\ldots,$ $Gz,$ $G$
.
.
1.1 ( ) $F(z)$ $G(z)$
, $P_{1},$ $\ldots$ , $P_{k}(\neq 0)$ ni $:=\deg(P_{i})(0\leq i\leq k)$ .
$S_{j}(F, G)$ $=$ $0,0\leq j<n_{k}$ . (L1)
3
$i=2,3,$ $\ldots,$ $k$
$S_{n:}(F, G)$ $\sim P_{i}$ , (12)
$S_{j}(F,G)$ $=0,$ $n_{i}<j<n:-1-1$ , (1.3)
$s_{n-1}(:-1F,G)$ $\sim$ P.$\cdot$ . (14)
$[2, 3]$ .
1.1 $P_{0}$ , $P_{1},$ $\ldots$ , $P_{k}$ $P_{0}$ , $P_{1}$ 1
,
.. $\cdot$ $n_{i-1}-n.\cdot=1,$ $i=2,3,$ $\ldots,$ $k$
(Normal) , (Abnormal)





, $m\geq n$ .
$S_{j}(F, G)$ 2 $A,$ $B$ – [2].
$S_{j}(F, G)$ $=AF+BG$ (1.5)
, $\deg(S_{j}(F, G))$ $\leq$ $\deg(G)-\deg(A_{j})-1$ . (1.6)
$A,$ $B$
$A=$
$f_{m}$ $f_{m-1}$ $f2j+2-n$ $z^{n-g-1}$


























11 $F$ $G$ 2 $P_{j-1},$ $P_{j}$
$P_{j-}$ , $F$ $G$
.
[ ] . $\blacksquare$
1.22 $F,$ $G(\deg(F)\geq\deg(G))$
$\hat{F}$ , $\hat{G}$ $S_{j}(F, G)$ $S_{j}(\hat{F},\hat{G})$
.
[ ] $\hat{F}=\alpha F,\hat{G}=\beta G$ , $S_{j}(\hat{F},\hat{G})=^{s_{j(F,\beta}}\alpha G)$ . $S_{j}(\alpha F,\beta G)$
$\alpha$ $\beta$
$S_{j}(\hat{F},\hat{c})\sim sj(F, c)$ . $\blacksquare$
132 $S_{0},$ $T$ $S_{1}$
So $\mathrm{m}\mathrm{o}\mathrm{d} S_{1}\sim T\mathrm{m}\mathrm{o}\mathrm{d} S_{1}$
.




$0=\alpha S_{0}\mathrm{m}\mathrm{o}\mathrm{d} S_{1}+\beta T\mathrm{m}\mathrm{o}\mathrm{d} s_{1}$
.
$S_{0}$ mod $S_{1}\sim T$ mod $S_{1}\blacksquare$






$F,$ $G(\deg(F)=m, \deg(G)=n)$ $F\mathrm{m}\mathrm{o}\mathrm{d} G$ 2.1
$S_{n-1}(F,G)$ .
.
2 $F,$ $G,$ $\deg(F)=m,$ $\deg(G)=m-1$
$P_{2}(=F\mathrm{m}\mathrm{o}\mathrm{d} G)$ $S_{m-2}(F, G)$ .
$G$ , .
$arrow\langle 1)$ $arrow\langle 2)[_{0}^{g_{m-1}}0$ $g_{m_{1}-}2g_{m}f_{m-}^{\mathrm{t})}1-1$ $zGF\mathrm{m}\mathrm{o}\mathrm{d} ZGG]$
$arrow\langle 3)$ $arrow\langle 4)$
5
(1) :1 2 .
(2): 1 $\cross(-f_{m}/g_{m-1})$ 2 .
(3): 2 3 .
(4): 2 $\cross(-f_{m-}\mathrm{t}1\rangle/1gm-1)$ 3 .
$(F\mathrm{m}\mathrm{o}\mathrm{d} zG)\mathrm{m}\mathrm{o}\mathrm{d} G=F\mathrm{m}\mathrm{o}\mathrm{d} G$
. .






$G$ $g_{m-1}$ $\epsilon(0<\epsilon\ll 1)$ $P_{2}$ , $P_{3}$
.
$\bullet$ $S_{m-2}(F, G)(\sim P_{2})$
$arrow(1)$ $arrow\langle 2)[_{0}^{f_{m}}0$ $g_{m}^{()}fm_{1}0-1-1$ $FG^{\langle 1)}G^{\mathrm{t}^{2}})]$
(1) : 1 $\cross(-\epsilon/f_{m})$ 2 .
(2) : 2 $\cross(-\epsilon/g_{m}^{\langle}-1)1)$ 3 .
$G^{(1)}$
$:=$ $zG- \frac{\epsilon}{f_{m}}F$ (2.1)
$G^{\langle 2)}$
$:=$ $G- \frac{\epsilon}{1\mathrm{c}(G(1))}G^{\langle)}1$ (2.2)
. (2.2) $G\approx G^{\mathrm{t}2)}$
$S_{m-3}(G, c1^{2}))(\sim P_{3})$ .









2$F$ $=$ $f_{m^{Z^{m}}}+f_{m}-1z-1+m\ldots+f_{0}$ ,
$G$ $=g_{n^{Z^{n}}}+g_{n-1}z^{n-1}+\ldots+g_{0}$ .
, $m\geq n$ .
, 2 .
1 $m=n$ $|1\mathrm{c}(G)|\geq|1\mathrm{c}(F)|$




[1] $i=m-n,$ $m-n-1,$ $\ldots,$ $1$ ,
$.Farrow \mathrm{E}\mathrm{l}\mathrm{i}\mathrm{m}(F, z^{i}G)$ .
[2] .Piv$(F, G)$ ,




$G\equiv 0$ $F$ .
1 $S_{n-1}(F, G)$
. $m=n$ [1] . 2
. 2 1 .
$\bullet$ 2 .
[1] $i=m-n,$ $m-n+1,$ $\ldots,$ $m-2$ ,
$G^{\langle i)}:=z^{i}G\mathrm{m}\mathrm{o}\mathrm{d} F$ $|1\mathrm{c}(G(i))|\geq|1\mathrm{c}(F)|$ ,





$=$ $\{z(z^{i-1}G\mathrm{m}\mathrm{o}\mathrm{d} F)\}\mathrm{m}\mathrm{o}\mathrm{d} F$
$=$
$zG^{\langle i-1\rangle}\mathrm{m}\mathrm{o}\mathrm{d} F$ .
. $G^{(-}m-n+^{\iota l}$) $l$ , 2
$S_{n-}\iota(F, G)$ $s_{n-l-1}(F, G)$ . $G^{(i)}$
$G^{(i)}$
















(3.1) 1 2 1 2
$S_{n-l}(F, G)$ .



























$.*$ . .$\cdot$. (3.4)
$\hat{g}_{n-}^{\langle 1)}\iota$ $\hat{G}^{\langle 1)}$
$0$












. 2 $P,$ $Q$ $R$ ,
$1\mathrm{c}(P)$
$R$ $=$ $Q- \frac{1\mathrm{c}(Q)}{1\mathrm{c}(P)}P$










$F(z)$ $=$ $z^{6}+ \frac{11}{12}(1+\delta)z+\frac{10}{11}5z4+\frac{9}{10}Z3+\frac{8}{9}z^{2}+\frac{7}{8}z+\frac{6}{7}$ ,
$G(z)$ $=$ $z^{5}+ \frac{11}{12}z^{4}+\frac{10}{11}(1\dagger\delta)_{Z^{3}}+\frac{5}{6}Z^{2}+\frac{4}{5}z+\frac{3}{4}$ ,
$\delta$ $=$ $10^{-7}$ .
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